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A note on large Kakeya sets
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Abstract
A Kakeya set K in an affine plane of order q is the point set covered by a set L of q + 1
pairwise non-parallel lines. Large Kakeya sets were studied by Dover and Mellinger; in [6]
they showed that Kakeya sets with size at least q2− 3q+9 contain a large knot (a point of K
lying on many lines of L).
In this paper, we improve on this result by showing that Kakeya set of size at least
≈ q2 − q√q + 3
2
q contain a large knot. Furthermore, we obtain a sharp result for planes of
square order containing a Baer subplane.
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1 Introduction
An affine plane of order q is a set of q2 points and q2 + q lines such that every two points lie on
exactly one line and any two lines meet in at most one point. It is not too hard to see that the
line set of an affine plane of order q can be partitioned into q + 1 sets of q pairwise disjoint lines,
called parallel classes. The parallel classes correspond to the so-called points at infinity of the
affine plane. We denote the Desarguesian affine plane of order q by AG(2, q); it is defined over the
finite field Fq. Affine planes are classical objects in finite geometry; from a design theory point of
view they are 2− (q2, q, 1) designs.
A Kakeya set (also called a minimal Besicovitch set) of an affine plane is the set of points
covered by a set of lines having exactly one line in each parallel class. The study of such sets is the
finite field equivalent of the classical euclidean Kakeya problem (see [13, Section 1.3] for a short
survey). The finite field Kakeya problem was first posed in [15]. For n-dimensional Kakeya sets
(which we do not introduce here) an important result (solving the main question from [15]) was
proved in [8], which was later improved in [9, 12].
The main research question on Kakeya sets in affine planes is to classify the smallest and
largest examples. Most results were obtained for the Desarguesian affine plane. It is easy to see
that a Kakeya set K in an affine plane of order q has size at least q(q+1)2 . This bound is met if and
only if q is even and the q + 1 lines defining the Kakeya set form a dual hyperoval together with
the line at infinity. The existence of (dual) hyperovals in arbitrary affine and projective planes
of even order is a major open question in finite geometry. Hyperovals are known to exist in the
Desarguesian affine plane (the classical example consists of a conic and its nucleus, but many
examples are known, see [4] for an overview), but also in some other affine planes, see [7, 11].
For the Desarguesian plane we also have the following results. Theorem 1.1, dealing with the
even order case, is from [2] and continues research from [1]. Theorem 1.2, from [3], deals with the
odd order case.
Theorem 1.1 ([2, Theorem 3.6]). If K is a Kakeya set in AG(2, q), q > 8 even, then only the
following possibilities can occur.
• |K| = q(q+1)2 and K arises from a dual hyperoval.
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• |K| = q(q+2)2 and K arises from a dual oval and a line not extending it to a dual hyperoval.
• |K| = q(q+2)2 + q4 and K arises from a KM-arc of type 4 as described in [2, Example 3.1].
• |K| ≥ q(q+2)2 + q4 + 1.
Theorem 1.2 ([3]). If K is a Kakeya set in AG(2, q), q odd, then |K| ≥ q(q+1)2 + q−12 . Equality
holds if and only if K arises from a dual oval and one additional line.
Examples of small Kakeya sets that do not arise from (hyper)ovals or KM-arcs were constructed
in [5].
At the other end of the spectrum of possible sizes of Kakeya sets, it is easy to see that the
maximal size is q2 and that this bound is met if and only if the underlying set of lines is the set of
q+1 lines through a fixed point. More generally, Dover and Mellinger proved the following result.
Note that this result holds for any affine plane, not only for Desarguesian affine planes.
Theorem 1.3 ([6, Theorem 3.3]). Let K be a Kakeya set in an affine plane of order q > 12. If
|K| ≥ q2 − 3q + 9, then |K| = q2 − kq + k2 for some k ∈ {0, 1, 2, 3}, and K has a (q + 1− k)-knot.
In this theorem a j-knot is a point of the Kakeya set that is on j lines of the underlying line
set, but not on j + 1 of them. The main result of this paper is an improvement of Theorem 1.3.
2 The main result
Our main result, Theorem 2.3, gives a clear description of the largest Kakeya sets and shows that
there are gaps in the spectrum of admissible sizes of large Kakeya sets. Note that Theorem 1.3
described an interval of size ≈ 3q. Theorem 2.3 describes an interval of size ≈ q√q as we will see
in Corollary 2.4. We first define and investigate some functions that we will use in the proof of
this main theorem.
Definition 2.1. We define
fq(k) =
qk
q + 1− k , gq(k) = k(q − k)
as functions on [0, q] and we denote k0 =
√
q + 14 − 12 .
Lemma 2.2. We have the following results for the functions fq and gq:
(i) fq is increasing on the whole domain,
(ii) gq(k) = gq(q − k),
(iii) fq (q − k0) = gq (q − k0) and fq(k) ≤ gq(k) if k ≤ q − k0,
(iv) if k ∈ [s, q − s] for some s ∈ [0, q2] then gq(s) ≤ gq(k),
(v) gq (q − k0) ≤ min {gq (q − ⌈k0⌉) , fq (q − ⌊k0⌋)} if q ≥ 4.
Proof. Statements (i) and (iii) follow from straightforward calculations. Statements (ii) and (iv)
follow easily using the fact that the graph of gq is a downward opening parabola. We now prove the
final statement. It is obvious that gq (q − k0) = fq (q − k0) ≤ fq (q − ⌊k0⌋) since fq is increasing
on [0, q]. If q ≥ 4, then ⌈k0⌉ ∈ [k0, q − k0], which implies by (v) that gq(k0) ≤ gq (⌈k0⌉), and hence,
by (ii), that gq (q − k0) ≤ gq (q − ⌈k0⌉).
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Theorem 2.3. If K is a Kakeya set in an affine plane of order q and
|K| > q2 −min {gq (q − ⌈k0⌉) , fq (q − ⌊k0⌋)} = q2 −min
{
⌈k0⌉ (q − ⌈k0⌉) , q (q − ⌊k0⌋)⌊k0⌋+ 1
}
,
then K contains a (q + 1− k)-knot for some k with 0 ≤ k < ⌈k0⌉ and
|K| ∈
[
q2 − kq + k(k + 1)
2
, q2 − kq + k2
]
.
Proof. Let L be the affine line set that determines K. By xi we denote the number of points that
is contained in precisely i lines of L, i = 0, . . . , q + 1, i.e. the number of i-knots. Note that x0 is
the number of points not in K.
Using the standard countings of the points, the tuples (P, ℓ), with P a point on ℓ ∈ L and the
tuples (P, ℓ,m), with {P} = ℓ ∩m and ℓ,m ∈ L, we find
q+1∑
i=0
xi = q
2
q+1∑
i=0
ixi = q
2 + q
q+1∑
i=0
i(i− 1)xi = q2 + q . (1)
Now, let k be the integer such that xq+1−k > 0 but xi = 0 for all i > q + 1 − k. In other words,
K admits at least one (q + 1− k)-knot, but no larger knots. It follows that
0 ≤
q+1∑
i=1
(q + 1− k − i)(i − 1)xi .
This implies that
0 ≤ x0(q + 1− k) +
q+1∑
i=0
(q + 1− k − i)(i− 1)xi.
Using (1), we find that
∑q+1
i=0 (q + 1− k − i)(i− 1)xi equals −qk, and hence
x0 ≥ qk
q + 1− k = fq(k) . (2)
Let P be a (q + 1 − k)-knot and let M be the set of k lines through P that are not contained in
L. Any point that is not on a line of L (i.e. not in K) must be on one of the lines of M. Let L′
be the subset of L containing the k lines not through P .
Let m be a line of M. Exactly one of the k lines of L′ is parallel to m. Hence, the other
k − 1 each intersect m in (possibly coinciding) points on m \ {P}. This implies that at least
(q − 1)− (k − 1) points on m are not covered by a line of L′ and we find that
x0 ≥ k(q − k) = gq(k) . (3)
On the other hand, the lines of L′ cover at least k(k−1)2 points that are on a line of M, different
from P : the first line covers k − 1 points, the second line at least k − 2, and so on. Hence,
x0 ≤ k(q − 1)− k(k − 1)
2
= kq − k(k + 1)
2
. (4)
By the assumption in the statement of the theorem we know that x0 < gq (q − ⌈k0⌉) and
x0 < fq (q − ⌊k0⌋), since x0 is smaller than the minimum of both. Recall that k is the smallest
integer such that there is a (q + 1− k)−knot and that we have x0 ≥ fq(k) by (2) and x0 ≥ gq(k)
by (3). Now suppose to the contrary that k ≥ ⌈k0⌉.
3
We distinguish between two cases. If k ≤ q − ⌈k0⌉, then k ∈ [⌈k0⌉ , q − ⌈k0⌉] and we know
from Lemma 2.2 (ii) and (iv) that gq (q − ⌈k0⌉) = gq (⌈k0⌉) ≤ gq(k). Combining the previous
inequalities yields
gq(k) ≤ x0 < gq (q − ⌈k0⌉) = gq (⌈k0⌉) ≤ gq(k) ,
a contradiction. If k > q − ⌈k0⌉, then k ≥ q − ⌊k0⌋, and we have fq (q − ⌊k0⌋) ≤ fq(k) since fq is
increasing by Lemma 2.2 (i). Combining the previous inequalities now yields
fq(k) ≤ x0 < fq (q − ⌊k0⌋) ≤ fq(k) ,
which is also a contradiction.
We conclude that if x0 < min {gq (q − ⌈k0⌉) , fq (q − ⌊k0⌋)}, the largest knot is a (q+1−k)-knot
for some integer k with k < ⌈k0⌉. It now follows from (3) and (4) that
|K| = q2 − x0 ≤ q2 − kq + k2 and
|K| = q2 − x0 ≥ q2 − kq + k(k + 1)
2
.
Corollary 2.4. Let K be a Kakeya set in an affine plane of order q, q ≥ 4. If
|K| > q2 − fq (q − k0) = q2 −
(
(q + 1)
√
q +
1
4
− 3q + 1
2
)
,
then K contains a (q + 1− k)-knot for some k with 0 ≤ k <
√
q + 14 − 12 and
|K| ∈
[
q2 − kq + k(k + 1)
2
, q2 − kq + k2
]
.
Proof. We recall from Lemma 2.2 (iii) and (v) that fq (q − k0) = gq (q − k0) and that fq (q − k0) =
gq (q − k0) ≤ min {gq (q − ⌈k0⌉) , fq (q − ⌊k0⌋)} if q ≥ 4. The corollary follows from Theorem 2.3
using these observations.
Remark 2.5. Note that the bounds of Theorem 2.3 are in general an improvement on those of
Corollary 2.4. For example, for q = 17, Corollary 2.4 states a classification for the Kakeya sets
with size at least 172−48, but using Theorem 2.3, we can see that we actually have a classification
for the Kakeya sets with size at least 172 − 51.
Remark 2.6. We see that the spectrum of admissible sizes for the largest Kakeya sets is the
union of several intervals. At the upper end of the spectrum there are two intervals that contain
only one integer. For k = 0, we obtain that |K| = q2 and we already know that every Kakeya set
of size q2 arises from q+1 lines through a point. For k = 1, we have that |K| = q2− q+1 and that
the Kakeya sets of this size arise from a set of q lines through a fixed line, and one line parallel to
(but different from) the unique line through the q-knot not contained in the underlying line set.
In case of a (q− 1)-knot Theorem 2.3 states that the size of the Kakeya set is either q2− 2q+3
or q2 − 2q + 4, but it is easy to see that only q2 − 2q + 4 is admissible; this result is also part of
Theorem 1.3.
The next interval, corresponding to the case of a (q − 2)-knot, is [q2 − 3q+ 6, q2− 3q+ 9]. We
elaborate briefly on the case that there is a (q− 2)-knot and |K| = q2− 3q+6. Using the notation
from the proof of Theorem 2.3, we can see that the 6 lines in L′ ∪M and their intersection points
form an affine plane of order 2; together with the line at infinity and the three points on it on the
lines of L′, it forms a Fano plane. So, this case can only occur if the affine plane has a subplane
of order 2. The Desarguesian affine plane AG(2, q) admits a subplane of order 2 if and only if q is
even. Note that it has been conjectured by Neumann that any non-Desarguesian projective plane
admits a Fano subplane (see [10] for her work related to this conjecture and [14] and its references
for some recent results).
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Remark 2.7. The description of the spectrum as a union of intervals suggests that there are
gaps in the spectrum of admissible sizes. For example it is clear that the q − 2 integers between
q2 − q + 1 and q2 cannot be Kakeya set sizes, so for q ≥ 3, there is a gap in the spectrum. For
small values of q (up to 9), the full spectrum has been determined in [6, Table 1]; for q = 9 this
table only covers the Desarguesian affine plane.
Using the notation from the proof of Theorem 2.3, we note that q2 − hq(k) > q2 − gq(k + 1)
if k >
√
2q + 14 − 32 . So, if k >
√
2q + 14 − 32 the intervals
[
q2 − hq(k + 1), q2 − gq(k + 1)
]
and[
q2 − hq(k), q2 − gq(k)
]
, described in the theorem, do not overlap. Further, we note that q2 −
hq(k) > q
2 − gq(k + 1) + 1 if k >
√
2q − 74 − 32 . So, if k >
√
2q − 74 − 32 there is a nontrivial gap
between the intervals
[
q2 − hq(k + 1), q2 − gq(k + 1)
]
and
[
q2 − hq(k), q2 − gq(k)
]
.
Finally, note that
√
2q − 74 − 32 >
(√
q + 14 − 12
)
− 1 for q ≥ 3. So, there is a gap between
all intervals described in the statement of Theorem 2.3. Note that we are looking at the interval[
q2 − hq(k + 1), q2 − gq(k + 1)
]
, so we require k + 1 <
√
q + 14 − 12 .
Corollary 2.8. Let K be a Kakeya set in an affine plane of order q, with q ≥ 9 square. If
|K| > q2 − q√q + q,
then K contains a (q + 1− k)-knot with 0 ≤ k ≤ √q and |K| ∈
[
q2 − kq + k(k+1)2 , q2 − kq + k2
]
.
Proof. Since q is a square,
√
q is an integer. We apply Theorem 2.3 where we have ⌊k0⌋ = √q− 1
and ⌈k0⌉ = √q, so min
{
⌈k0⌉ (q − ⌈k0⌉), q(q−⌊k0⌋)⌊k0⌋+1
}
= min{√q(q −√q),√q(q −√q + 1) = q√q −
q.
We now give an example of a Kakeya set of size q2 − q√q + q for which the largest knots
are (
√
q + 1)-knots; hypothetically, if Theorem 2.3 could be extended to Kakeya sets of this size,
it would force the existence of a (q + 1 − √q)-knot. Furthermore, note that the lower bound in
Corollary 2.4, q2−
(
(q + 1)
√
q + 14 − 3q+12
)
≈ q2−q√q+ 32q− 98
√
q+ 12 , is very close to q
2−q√q+q,
so an improvement of Corollary 2.4 with purely combinatorial means seems unlikely to succeed.
Example 2.9. Let P be a projective plane of order q, q a square, that admits a subplane B of
order
√
q (e.g. the Desarguesian plane). Let ℓ be any line in P that meets B in precisely one point
P , and let A be the affine plane we get by removing ℓ and its points from P .
Let L′ be the set of q lines not through P that are extended lines of B, and let m be a line
through P that is an extended line of B; there are √q + 1 choices for m. Then L = L′ ∪ {m} is a
set of q+1 lines that defines a Kakeya set K. Since any point of A\B is on precisely one line that
is an extended subline of B, we find that only the √q(q −√q) points of A, lying on an extended
line through P , different from m, are not on a line of L. Hence |K| = q2 − q√q + q. This Kakeya
set has q points that are
√
q-knots,
√
q points that are (
√
q + 1)-knots, and no larger knots.
Given Example 2.9, we see that the bound in Corollary 2.8 is indeed sharp. Hence for planes
of square order containing a Baer subplane, our classification is the best possible.
Acknowledgements: This research was partially carried out when the first author was visiting
the School of Mathematics and Statistics at the University of Canterbury. He wants to thank the
School, and in particular the second author, for their hospitality.
We thank the anonymous reviewers for their detailed suggestions.
References
[1] A. Blokhuis and A.A. Bruen. The minimal number of lines intersected by a set of q+2 points,
blocking sets, and intersecting circles. J. Combin. Theory Ser. A 50:308–315, 1989.
5
[2] A. Blokhuis, M. De Boeck, F. Mazzocca and L. Storme. The Kakeya problem: a gap in the
spectrum and classification of the smallest examples. Des. Codes Cryptogr. 72(1):21–31, 2014.
[3] A. Blokhuis and F. Mazzocca. The Finite Field Kakeya Problem. Building Bridges Be-
tween Mathematics and Computer Science, Bolyai Society Mathematical Studies, Vol. 19,
M. Gro¨tschel and G.O.H. Katona (Eds.), 205–218, 2008.
[4] B. Cherowitzo. Bill Cherowitzo’s Hyperoval Page. http://www-math.ucdenver.edu/~wcherowi/research/hyperoval/hypero.html,
1999.
[5] J.M. Dover and K.E. Mellinger. Small Kakeya sets in non-prime order planes. European J.
Combin. 47:95–102, 2015.
[6] J.M. Dover and K.E. Mellinger. Some spectral results on Kakeya sets. Adv. Geom. 15(3):333–
338, 2015.
[7] N. Durante, R. Trombetti and Y. Zhou. Hyperovals in Knuth’s binary semifield planes. Eu-
ropean J. Combin. 62:77–91, 2017.
[8] Z. Dvir. On the Size of Kakeya Sets in Finite Fields. J. Amer. Math. Soc. 22:1093–1097, 2009.
[9] Z. Dvir, S. Kopparty, S. Saraf and M. Sudan. Extensions to the method of multiplicities, with
applications to Kakeya sets and mergers. 2009 50th Annual IEEE Symposium on Foundations
of Computer Science–FOCS 2009: 181–190, IEEE Computer Soc., Los Alamitos, CA, 2009.
[10] H. Neumann. On some finite non-Desarguesian planes. Arch. Math. 6:36–40, 1954.
[11] C.M. O’Keefe, A.A. Pascasio and T. Penttila. Hyperovals in Hall planes. European J. Combin.
13(3):195–199, 1992.
[12] S. Saraf and M. Sudan. Improved lower bound on the size of Kakeya sets over finite fields,
Analysis and PDE 1(3):375–379, 2008.
[13] T. Tao. Poincare´s legacies: pages from year two of a mathematical blog. American Mathe-
matical Society, Vol. I, 2009.
[14] M. Tait. On a problem of Neumann. Discrete Math. 342(10):2843–2845, 2019.
[15] T. Wolff. Recent Work Connected with the Kakeya Problem. Prospects in Mathematics
(Princeton, NJ, 1996), Amer. Math. Soc., Providence, RI, 129–162, 1999.
Maarten De Boeck
Ghent University
Department of Mathematics: Algebra and Geometry
Krijgslaan 281–S25
9000 Gent
Flanders, Belgium
maarten.deboeck@ugent.be
Geertrui Van de Voorde
University of Canterbury
School of Mathematics and Statistics
Private Bag 4800
8140 Christchurch
New Zealand
geertrui.vandevoorde@canterbury.ac.nz
6
